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I. INTRODUCTION
In this work we study the renormalizability properties of a N = 1 non-abelian gauge theory defined by a multiplet containing a massive vectorial excitation. The model we study is the supersymmetric version of a Stueckelberg-like action, in the sense that the massive gauge field is constructed by means of a compensating scalar field, thus preserving gauge invariance.
The history of Stueckelberg-like models is very well reviewed in [1] . Traditionally, most of the investigations have studied such models as potential alternative to the Higgs mechanism of mass generation, but as discussed in [2] there seems to be an unavoidable clash between renormalizability and unitarity in non-abelian Stueckelberg-like models. The original Stueckelberg model is abelian and has been rigorously proved [3] to be renormalizable and unitary, but its non-abelian version is known to be perturbatively non-renormalizable [4] [5] [6] . Physically, the problem is due to the high energy behavior of the longitudinal vector degree of freedom. In the abelian case it is perfectly compensated by the dynamics of the Stueckelberg field but in non-abelian theories this seems to be not so, resulting in incurable divergent interacting amplitudes or unbounded cross sections.
Nevertheless there have been recent interests in the study of massive vector models without the Higgs. The main motivation comes here from the continuous efforts to understand the low energy behavior of strongly interacting gauge theories, such as QCD. Confinement is a very important phenomenon in this context, but the physical mechanism behind it is still an open problem. A way to obtain information about this phenomenon is through lattice investigations which have revealed that the gluon propagator shows a massive behavior in the deep infrared non-perturbative region, while also displaying positivity violations which precludes a proper particle propagation interpretation [18] [19] [20] [21] [22] [23] [24] . Therefore, in a confining theory, the issue of the physical unitarity is a quite complex and difficult topic. Of course, physical unitarity must hold in terms of the physical excitations of the spectrum which are bound states of quarks and gluons like, for instance, mesons, barions, glueballs, etc. Though, the positivity violation of the two-point gluon correlation functions is taken as a strong evidence of confinement, signalling that gluons are not excitations of the physical spectrum of the theory. Nevertheless, renormalizability should be expected to hold since one wants to recover the good UV behavior of QCD. This trend of investigations led to many works that proposed modifications of the Yang-Mills theory to accommodate the lattice results [25] [26] [27] [28] [29] . Recent developments along these lines involve the introduction of modified Stueckelberg-like models [30] [31] [32] [33] [34] constructed as a generalization of a class of confining effective theories known as Gribov-Zwanziger scenarios [35, 36] , see [37] for a review. Unlike the standard Stueckelberg action, these modified models enjoy the pleasant property of being renormalizable to all orders, see [30] [31] [32] [33] [34] for a detailed account on the construction of these modified models and on their differences with the standard Stueckelberg theory. Let us also also mention here that, recently, a BRST invariant reformulation of the Gribov-Zwanziger theory has been achieved [32, 34] , allowing its extension from the Landau gauge to an arbitrary covariant gauge.
The present model is intended only to construct a renormalizable theory which generalizes the non-supersymmetric construction given in [33] . Issues like the perturbative unitarity of the models so obtained are not explicitly addressed. As far as we know, the non-supersymmetric model is not perturbative unitary. Though, it can be successfully employed as an effective renormalizable model in order to investigate the non-perturbative infrared region of confining YangMills theories. So far, the prediction of the non-supersymmetric model are in good agreement with the actual lattice data on the correlation functions of the theory, like the two-point gluon propagator.
Our aim here is to construct a sypersimmetric generalization of this model for a future investigation of the confinement aspects of pure STM, which is known to be a confining theory. This is the main purpose of the present model.
In a confining YM theory, the issue of the unitarity has to be faced through the study of suitable colorless boundstate, a topic which is still too far from the goal of the present work, whose aim is that of obtaining a renormalizable massive SPYM theory whihc generalizes the model of [33] .
In this work we will carry out a supersymmetric generalization of the Stueckelberg-like model proposed in [30] [31] [32] [33] [34] . We prove that the present supersymmetric generalization is renormalizable, a task that will be done by means of a set of suitable Ward identities. Supersymmetric generalizations of Stueckelberg-like models was studied since very early [7] but mostly concentrated on the better behaved abelian models (see [8] [9] [10] , for instance, for a proposal of an abelian Stueckelberg sector in MSSM), with some constructions of non-abelian theories with tensor multiplets [11, 12, 14] and also with composite gauge fields [13] .
The work is organized as follows. In Section II we construct the N = 1 Supersymmetric massive classical action. In Section III we discuss the gauge fixing and the ensuing BRST symmetry. Sections IV and V are devoted to the derivation of a set of suitable Ward identities and to the characterization of the most general invariant local counterterm following the setup of the algebraic renormalization. In Section VI we provide a detailed analysis of the counterterm by showing that it can be reabsorbed into the starting classical action through a redefinition of the fields and parameters, thus establishing the all orders renormalizability of the model. Section VII contains our conclusion. The final Appendices collect the conventions and a few additional technical details.
II. PURE N = 1 SUSY STUECKELBERG-LIKE YANG-MILLS THEORY
In order to define the N = 1 Supersymmetric Stueckelberg-like Yang-Mills theory, we start with a real abelian gauge superfield,
and with a massless chiral superfield that acts as a Stueckelberg field
It is then possible to construct a gauge-invariant superfield
which is invariant under the abelian gauge transformations
We now need a generalization of the definition of V H to the non-abelian case. We start with the gauge-invariant superfield (4) with every component now in the adjoint representation of the gauge group G, V H ≡ V Ha T a , (a = 1, ..., dim G) where the T a are the generators in the adjoint. Now, the fundamental object is e V H instead of V H . The non-abelian generalization of (4) is
where H = e iΞ , U = e iφ and V is a usual gauge superfield. The gauge transformations then have to be
such that V H is gauge invariant. For infinitesimal transformations, this explicitly yields
with
To first order (abelian gauge limit) in φ this reproduces (5) . Now, using all of the above definitions we can construct a gauge invariant N = 1 Supersymmetric Stueckelberg-like Yang-Mills model
and
where σ , ... are a set of infinite arbitrary dimensionless parameters. As one can figure out, the fact that the generalized mass term M(V H ) is an infinite power series V H follows from the dimensionless character of V H itself. Though, from the pertubative point of view, only the first quadratic terms of the series (13), i.e. m 2 V Ha V Ha will enter the expression of the superfield propagator. The remaining terms represent an infinite set of interaction vertices, a feature which is typical of the non-abelian Stueckelberg-like theories.
Notice that the first term of the action, the pure supersymmetric Yang-Mills term
For more details about the N = 1 supersymmetry and conventions, see [15, 39] .
III. SUPERSYMMETRIC GAUGE INVARIANT STUECKELBERG-LIKE YANG-MILLS ACTION IN THE LANDAU GAUGE
The supersymmetric extension of the Landau gauge is [1]
We thus need to add the following terms to the action
where we introduced the auxiliary chiral superfield A, with the following field equations
Following the standard BRST procedure, the gauge fixing condition can be implemented in a BRST invariant way by defining the auxiliary field as the BRST variation of the anti-ghost field c ′ ,, namely sc ′ = A, so that we can add the following BRST invariant term to the action in order to fix the gauge.
Looking at the gauge fixing (17) , it is important to realize that for any local quantum field theory involving dimensionless fields, one has the freedom of performing arbitrary re-parametrization of these fields. Examples of this are the two-dimensional non-linear sigma model [42] , [43] and quantum field theories with a Stueckelberg field entering the gauge fixing term [44] . In the case of the gauge fixing (17) , this means that we have the freedom of replacing V a by an arbitrary dimensionless function of
where
, ... are free dimensionless coefficients. This freedom, inherent to the dimensionless nature of V a , is evident at the quantum level because of the fact that this field renormalizes in a non-linear way [38] [39] [40] [41] . Therefore, (18) is expressing precisely the freedom one has in the choice of a re-parametrization for V a . In our case, this means that instead of equation (17) we could have just as well started with a term
and this would not have affected the correlation functions of the gauge invariant quantities. The coefficients (α
..) are gauge parameters, not affecting the correlation functions of the gauge invariant quantities. The freedom that we have in the gauge fixing term will become apparent when performing the renormalization analysis. In fact, in section V, we will use a generalized gauge-fixing term
and by employing the corresponding Ward identities, we can handle the ambiguity that is inherent to the gauge fixing. The counterterm will then correspond to a renormalization of the gauge parameters (α
..), as will become clear in section VI.
One of the striking features ensuring the renormalizability of the non-supersymmetric modified Stueckelberg-like models introduced in [30] [31] [32] [33] [34] 44] was the implementation of a transversality constraint on the analogue of the gauge invariant field V H . This transversality constraint gives rise to a deep difference between the modified models constructed in [30] [31] [32] [33] [34] 44] and the conventional non-renormalizable Stueckelberg model. It is precisely the implementation of this transversality constraint which ensures the UV renormalizability of the modified model. We remind here the reader to reference [44] for a detailed account on the differences between the conventional and the modified Stueckelberg action. We then pursue here the same route outlined in [30] [31] [32] [33] [34] 44] and impose the transversality constraint also in the supersymmetric case. More precisely, this amounts to require that the superfield V H obeys the constraint
which, at the level of the action, can be implemented by introducing the following terms
The field B is a Lagrange multiplier implementing the transversality constraint (21) , while the fields η, η are a set of ghost fields needed to compensate the Jacobian which arises from the functional integral over B and Ξ in order to get a unity, see [30] [31] [32] [33] [34] 44] for the non-supersymmetric case.
Thus, adopting the Landau gauge, as well as the transversality condition, the total action becomes
This action enjoys the exact BRST nilpotent symmetry
IV. RENORMALIZABILITY ANALYSIS
In order to analyze the renormalizability of the action (23), we start by establishing the set of Ward identities that will be employed for the study of the quantum corrections. Following the algebraic renormalization procedure [38] , we have first to add some external sources coupling to non-linear BRST transformations of the fields and of the composite operators entering the classical action. Therefore, we need to introduce a set of external BRST invariant
We shall thus start with the BRST invariant complete action Σ defined by
All quantum numbers, dimensions and R-weights of all fields and sources are displayed in tables IV A and IV B. 
A. Ward identities and algebraic characterization of the invariant counterterm
The complete action Σ SP Y M obeys a large set of Ward identities, being:
• The Slavnov-Taylor identity:
• The gauge-fixing equations:
• The equation for the Lagrange multiplier B a :
• The anti-ghost equations:
• The η Ward identities
• The linearly broken ghost equation [16] 
Notice that the breaking term ∆ clas is purely linear in the quantum fields. As such, it will be not affected by the quantum corrections [16, 38] .
• The linear symmetries under supersymmetry, translations, R-transformations and rigid transformations are expressed by the Ward identities
and rigid transformations (39) such that δ
R are defined by appendix B. Thus, we can see that the covariant action Σ satisfy the Ward identities and Lorentz invariance.
V. THE ALGEBRAIC CHARACTERIZATION OF THE INVARIANT COUNTERTERM AND RENORMALIZABILITY
In order to characterize the most general invariant counterterm which can be freely added to all order in perturbation theory, we follow the setup of the algebraic renormalization [38] and perturb the classical action (23) , by adding an integrated local quantity in the fields and sources, Σ CT , that has R-weight 0, ghost number (0,0), is hermitian and has dimension 3 in case of a chiral superfield, or 2 in case of a vector superfield. We demand thus that the perturbed action, (Σ + εΣ CT ), where ε is an expansion parameter, fulfills, to the first order in ε, the same Ward identities obeyed by the classical action Σ, i.e. equations (29) to (39) . This amounts to impose the following constraints on Σ CT :
where B Σ is the so-called nilpotent linearized Slavnov-Taylor operator [38] , defined as
with B Σ B Σ = 0. From equation (40) one learns that Σ CT belongs to the cohomology [38] of the linearized SlavnovTaylor operator B Σ in the space of the integrated local quantities in the fields and sources with ghost number (0,0), R-weight 0 and dimension 3 in case of a chiral superfield, or 2 in case of a vector superfield. Therefore, we can set
where ∆ (−1) denotes a zero-dimensional integrated quantity in the fields and sources with ghost number (-1,0) and R-weight 0. The term B Σ ∆ (−1) in equation (47) corresponds to the trivial solution, i.e. to the exact part of the cohomology of B Σ . On the other hand, the quantity ∆ cohom identifies the non-trivial solution, i.e. the cohomology of B Σ , meaning that ∆ cohom = B Σ Q, for any local integrated Q.
In its most general form, ∆ cohom is given by
) arbitrary coefficients. Then, after implementing the constraints (42) and (43) we find
Let us now discuss the trivial part of the counterterm, B Σ ∆ (−1) . The term ∆ (−1) , taking into account the quantum numbers of the fields and sources, can be parametrized in its most general form as:
where,
Imposing the constraint (41)
and observing from eq. (51) that
we can use the relation
to impose
From eq. (56) we find the relations
so that
We can further reduce the number of parameters in Σ CT by noticing that if we set [33] 
in (28), the resulting action is
which is nothing but the Super Yang-Mills gauge-fixed action in the Landau gauge (see appendix C), with the addition of the following terms
However, upon integration over (B, η, η, Ξ), these terms give rise to a unity. Thus, in the limit (59) the starting action takes the following form:
Let us consider now the correlation functions of the Yang-Mills superfield V , namely
where [DΦ] stands for integration over all fields. Though, since m 2 = 0, one can directly perform in (63) the integration over (H, B, η, η), i.e. of the fields appearing in Σ B .
This integration is easily seen to give a unity. It is in fact nothing but a Super Faddeev-Popov term (see [39] ) which, due to m 2 = 0, gives a unity. Therefore, in the limit, m 2 = 0, it follows that
meaning that the correlator V (1)........V (n) reduces to that of standard SPYM. As consequence, the dimensionless, and thus m-independent, coefficients appearing in the counterterm Σ CT are subject to the following additional conditions
and for equation (51)
For the purpose of the analysis of the renormalization factors at the end of this section, we will rewrite the counterterm Σ CT of the action in its parametrized form, namely as contact terms written in terms of the starting classical action Σ, being given by the following expression 
VI. ANALYSIS OF THE COUNTERTERM AND RENORMALIZATION FACTORS
Having determined the most general form of the local invariant counterterm, eq.(69), we observe, however, that the terms on the last line,
cannot be rewritten in an exact parametric form in terms of the starting action Σ. This feature is due to dependence of the gauge fixing on the dimensionless field V . As a consequence, the renormalization of the gauge fixing itself is determined up to an ambiguity of the type of eq. (18) . As was mentioned before, this term can be handled by starting with the generalized gauge fixing of eq. (18) . This means that we could have equally started with a term in the action like
with F a given by eq. (18) . Since F a is now a composite field, we need to introduce it into the starting action through a suitable external source. In order to maintain BRST invariance, we make use of a BRST doublet of external sources (R a , P a ), of dimension 2, R-weight 0 and ghost number (−1, 0)
and introduce the term
so that the full action is now given by
The action Σ SPYM obeys the following Ward identities:
• The linear symmetries under supersymmetry, translations, R-transformations and rigid transformations are expressed by the Ward identities in (39).
Since R and P are a pair of BRST doublet, they do not appear in the non-trivial part of the counterterm [38] , so this will remain as in equation (67). On the other hand, the ∆ (−1) -term becomes
In a similar fashion as in the analysis of eqs. (53)- (56), we can use the relation [
from which we obtain the relations
so that (81) becomes
We now set
where F ab 2 (0) = F 2 (0)δ ab is the first, V -independent term of the Taylor expansion of F ab 2 (V ) in powers of V , and F ab 2 (V ) denotes the remaining V -dependent terms. We find that F ab 2 (0) is connected to the renormalization of the fields within the gauge-fixing, while F ab 2 (V ) renormalizes the gauge parameters in eq. (18) . Employing the generalized gauge-fixing (71), we can now write the full counterterm in a complete parametric form, namely 
The usefulness of rewriting the counterterm (86) in the parametric form becomes clear by casting it into the form
Now, in order to determine the renormalization factors we can use that
where Φ 0 is a short-hand notation for all renormalized quantities: fields, parameters and external sources. We thus find the the following renormalization factors
as well as a multiplicative renormalization of the infinite set of gauge parameters (σ ) of equations (13) and (18), being
This shows that the inclusion of the generalized field F (V ) in the gauge fixing leads to the standard renormalization of the fields, parameters and sources. The renormalization of F (V ) itself is encoded in the renormalization of the infinite set of gauge parameters (α , ....), as in eq. (94). Note that both V and Ξ, as well as their sources Ω and Λ, are renormalized in a non-linear way through a power series in V and Ξ, respectively. This is expected, due to the fact that both superfields are dimensionless. However, one has to note that the dimensionless superfield V contains a massive supermultiplet (A µ , λ). Despite the fact that V itself renormalizes in a non-linear way due to its dimensionless nature, the component fields (A µ , λ) do renormalize in fact in a standard multiplicative way through a constant (i.e. field independent) renormalization factors, a feature which can be checked out by employing the the Wess-Zumino gauge.
VII. CONCLUSION
In this work we took a first step towards the understanding of Stueckelberg-like models in supersymmetric nonabelian gauge theories. The gauge invariant transverse field configuration V H has been investigated in supersymmetric Yang-Mills theory with the Landau gauge. An auxiliary chiral superfield Ξ was introduced that compensates the gauge variation of the vector superfield V , thus preserving gauge invariance of the composite field V H . This gauge invariant composite field allows the construction of a local BRST-invariant massive model, summarized by the action (23) . Both V and Ξ are dimensionless, which leads to ambiguities in defining both the mass term and the gauge fixing term. However, working with a generalized gauge fixing term, we find that the model turns out to be renormalizable to all orders of perturbation theory, as was discussed in sections V and VI. As a possible future application of the present result, let us mention that the possibility of having constructed a manifestly BRST invariant supersymmetric renormalizable version of the modified Stueckelberg models introduced in [30] [31] [32] [33] [34] 44] can open the possibility to investigate the important issue of the non-perturbative phenomenon of the Gribov copies directly in superspace, by generalizing to N = 1 the Gribov-Zwanziger setup. This would enable us to study aspects of the non-perturbative region of N = 1 confining supersymmetric theories, see also [45] for a preliminary attempt in this direction.
are the covariant superspace derivatives. The superfields are functions of superspace which should be understood in components by series power in θ and θ. The transformation laws (translation, supersymmetry and R-symmetry) of a superfield φ are respectively defined 
The n number in (B11) is the "R-weight" of the superfield φ. The R-weights are opposite to each other in complex conjugates superfields. These operators obey the super-Poincaré algebra
Appendix C: N = 1 Supersymmetric Yang-Mills
For the benefit of the reader, we provide in this appendix a short overview of the well known renormalizability of pure N = 1 standard massless Super Yang-Mills in the Landau gauge. Let us start by giving the complete BRST invariant action, namely
The full action Σ SP Y M obeys the Ward identities (30), (32) , (36) , (39) 
As usual, the counterterm Σ CT can be written as
with ∆ = a 0 T r dS W α W α ,
When constructing the counterterm, we will run into to same parametrizing problem as in section V. Repeating the procedure of section VI, we introduce a doublet (R a , P a ) and the full action is now given by 
Following the analysis at the end of section VI, for the renormalization factors we obtain 
Thereby concluding the proof of the renormalizability of N = 1 pure massless Super Yang-Mills action.
